We have investigated the complex two-dimensional electron system with unequal Rashba and Dresselhaus spin-orbit interactions in the presence of a perpendicular magnetic field. The spin polarizations are obtained in a wide range of magnetic fields. It is shown that such a system is hard to be magnetized. We also find that the resonant charge and spin Hall conductances occurs simultaneously at a certain magnetic field, at which two (nearly) degenerate Landau levels are filled partly. The resonant Hall effects are universal in this type of semiconductor materials, and could have potential application for semiconductor spintronics.
The spin Hall effect in two-dimensional electron gases (2DEG) has been the focus of theoretical and experimental investigations in the condensed matter community due to its potential application in designing quantum devices [1] [2] [3] [4] [5] [6] . Such an effect is usually generated by the Rashba or Dresselhaus spin-orbit coupling in semiconductor materials [7, 8, 9] . In Ref. [10] , Shen et al. discovered an interesting resonant spin Hall conductance in 2DEG with the Rashba spin-orbit coupling in the presence of a perpendicular magnetic field due to the crossing of two nearest neighbor Landau levels. The resonant phenomenon could be observed only if this degeneracy happens at the Fermi level. We note there are a lot of semiconductor materials possessing simultaneously the Rashba and Dresselhaus spin-orbit interactions, which originate from the lack of structure and bulk inversion symmetries [7, 8] , respectively. Therefore, the competition among the Rashba and Dresselhaus spin-orbit couplings and the Zeeman energy leads to a complex energy spectrum [11] , which could produce novel physical properties in such the materials. The eigenfunctions associated with the Landau levels are infinite series, distinguishing from those with finite terms for the pure Rashba or Dresselhaus spin-orbit system. In Ref. [12] , we calculated the transport properties of the special 2DEG with equal Rashba and Dresselhaus couplings, which possesses an equal-distant-like energy spectrum. The resonant spin Hall effect and accompanying resonant charge Hall effect also exhibit near the crossing between the nearest neighbor Landau levels. However, the most complex 2DEG with unequal Rashba and Dresselhaus couplings is not investigated up to now. In this work, we study the transport properties of this 2DEG, so that such semiconductor materials can be understood thoroughly.
The Hamiltonian for a single electron with spin-1 2 in a plane under a perpendicular magnetic field is described
where Π = p + e c A, σ i (i = x, y, z) are the Pauli matrices for electron spin, g s is the Lande g-factor, µ B is the Bohr magneton, α and β represent the Rashba and the Dresselhaus spin-orbit couplings, respectively. Here we have chosen the Landau guage A = yBx. Because [p x , H] = 0, p x = k is a good quantum number.
The Hamiltonian (1) with a pure Rashba coupling (i.e. β = 0) was solved by Rashba over fifty years ago [7] . The Landau levels of 2DEG with a pure Dresselhaus coupling (i.e. α = 0) can be obtained by the unitary transformation σ x → σ y , σ y → σ x and σ z → −σ z , which maps a 2DEG with Rashba coupling α, Dresselhaus coupling β, and Lande g-factor g s to a 2DEG with Rashba coupling β, Dresselhaus coupling α, and Lande g-factor −g s [13, 14] . When the Rashba and Dresselhaus couplings coexist, the Hamiltonian (1) becomes Extremely complicated and its exact solution had been not obtained for a long time. Fortunately, the eigenvalue problem was solved by using unitary transformations and introducing two bosonic annihilation operators
† , with the cy-
, and the orbital index σ = ±1 [11] . Different from the pure Rashba or Dresselhaus coupling case, the orbital space of electrons is divided into two independent infinite-dimensional subspaces described by the occupied number representations Γ σ associated with b kσ and b † kσ . Then the Hamiltonian (1) can be rewritten as H = H −1 ⊕ H 1 , where H σ is the sub-Hamiltonian in Γ σ . The eigenstates for the Hamiltonian (1) can be expressed as an infinite series in terms of the free Landau levels φ mkσ (i.e. b †
in each Γ σ and the physical parameters. Now the exact solution of the Hamiltonian (1) has been popularly accepted [14, 15] .
We note that the Rashba coupling α can be adjusted by a gate voltage perpendicular to the 2DEG plane [16, 17] . Therefore, in experiments, an arbitrary ratio of two kinds of spin-orbit couplings can be obtained in different samples by changing the gate voltage. The relative strength of the Rashba and Dresselhaus couplings can be extracted from the photocurrent measurements [18, 19] . Usually the coefficients α and β have the same order of magnitude in quantum wells such as GaAs while in narrow gap compounds such as InAs, α dominates [16] [17] [18] [19] .
When |β| = ρ|α|, the eigenvalue for the nth Landau level with the spin index s and the orbital index σ is given by E ns = ωǫ ns [11] , where ω = eB m * c and
Here the spin index s = 0, 1 for n = 0 while s = 0 for n = 0, g = gsm * 2me , and the energy level parameter ∆ ns is determined by the following equation
Obviously, when ρ = 0, the eigenvalue (2) is nothing but that in 2DEG with pure Rashba spin-orbit interaction [7] . If ρ = 1, the energy difference E n0 − E n1 is independent of n, which means that the energy spectrum has an equaldistant-like structure. The corresponding eigenstate is
where N nsσ is the normalized constant,
, and the components α (5) at m = n = 0, and
at m = n and m = n = 0. Here, we have defined (2) and (3), we can obtain the energy level parameter ∆ ns and the corresponding Landau level E ns at arbitrary magnetic field. In our calculations, we have chosen the typical material parameters ρ = 0.5, α = 4.0 × 10 −11 eVm, n e = 1.9 × 10 16 /m 2 , g s = 4, and m * = 0.05m e [18, 19] . In Fig. 1(a) , we plot the Landau levels (n ≤ 12) as a function of inverse magnetic field 1/B. Obviously, two nearest neighbor energy levels E n0 and E n+11 have a crossing at a certain magnetic field. The larger n, the stronger the magnetic field at the crossing. Fig. 1(b) shows the energy level parameter ∆ ns associated with E ns . We note that ∆ n1 (n > 0) and ∆ 00 vary slowly with increasing 1/B while ∆ n0 (n > 0) has a sharp change. When 1/B → 0, ∆ n0 = −1.1298 and ∆ n1 = 1.1298. Interestingly, the curves of ∆ ns with n > 0 meet at a point with a value of 0.9985 when 
where ν is the filling factor and f (x) is the Fermi distribution function. The first term of the expression of S z is the contribution by both Rashba and Dresselhaus spin-orbit couplings while the second one is due to the coexistence of them, which plays a crucial role in the magnetization of this 2DEG. In Fig. 2(a) , we present the curve of spin polarization S z with increasing the inverse magnetic field at zero temperature. Because the Rashba and Dresselhaus spin-orbit interactions have different symmetries and compete with the Zeeman energy, this 2DEG has a complex magnetization behavior, shown in Fig. 2(a) . We note that when 1/B → 0, S z ∼ −0.28 . Therefore, such a system is hard to be magnetized. In order to calculate the spin and charge transport properties in the 2DEG, we apply a small electric field E along the y axis. So an electron acquires an extra potential energy H ′ = eEy, which can be treated as a perturbation term. The operator y can be expressed in terms of the bosonic operators b σ and b † σ in each subspace Γ σ , i.e. y =
The charge current operator of a single electron in Γ σ reads j cσ = −ev xσ while the corresponding out of plane spin current operator in Γ σ is j sz σ = 4 (σ z v xσ + v xσ σ z ). Here, the electron velocity in Γ σ along x axis v xσ =
Up to the first order in the electric field E in the expectation value of the spin or charge current operator, the spin or charge Hall conductance, i.e. the coefficient of the linear term, can be expressed as [10] G sz ,c = 1 
=< n ′ ks ′ σ|j cσ |nksσ > can be obtained by using the eigenvalue (2), the energy level parameter (3), and the eigenstate (4). Obviously, G sz ang G c are highly nonlinear functions in terms of the material parameters ρ, |a R |, g, and the magnetic field B, which reveal complex transport characteristics in this system.
After a tedious but straight calculation we depict the curves of G sz and G c as a function of 1/B at zero temperature in Figs. 2(b) and 2(c), respectively. It is clear that G sz and G c possess simultaneously a resonant peak at near B c ∼ (1/0.13)T , at which the Landau levels E 40 and E 51 cross. When B → (1/0.115)T , the electrons begin to fill the energy level E 51 , and G sz and G c sharply increase. However, at B c , E 40 and E 51 are filled fully while E 61 is filled partly, and G sz and G c decrease rapidly. Therefore, the resonant spin and charge Hall conductances are produced by filling partly two nearest neighbor Landau levels near their crossing point. Such resonant phenomena also happen in the 2DEG with pure Rashba or equal Rashba and Dresselhaus spin-orbit coupling [10, 12] .
In summary, we have calculated the spin polarization, spin and charge Hall conductances in 2DEG in the presence of unequal Rashba and Dresselhaus spin-orbit interactions under a perpendicular magnetic field by employing the exact solution for the Hamiltonian (1). The coexistence of the resonant spin and charge Hall effects appears at the vicinity of the crossing point of two nearest neighbor Landau levels, which are not filled fully by electrons. We also note that the spin polarization and both Hall conductances are determined only by the mag- nitudes of the spin-orbit couplings α and β and are independent of their signs. It is expected that these resonant phenomena could have potential application for semiconductor spintronics. This work was supported by the Sichuan Normal University, the "Thousand Talented Program" of Sichuan Province, China, and the Texas Center for Superconductivity at the University of Houston and by the Robert A. Welch Foundation under grant No. E-1146.
